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Zadani:

Jaké vlastnosti ma struktura, ktera ma dvé& vnitini operace (K,+,)? K ={(a,,a,,a,,a,), a, € R} a operace jsou definovany takto:

+ (s¢itani): (ay,a,,a,,a, )+ (by,b,,b,,b,) = (a, +by,a, +b,,a, +b,,a, +b;)

* (ndsobeni): (a,,a,,a,,a,)-(by,b,,b,,b;) = (ayb, —a,b, —a,b, —asb,,a,b, + a,b, + a,b, —a,b,,a.b, +a,b, + a,b, — a,by,a,b, + a,b, + a,b, —a,b,)

Vypracovani:
Vlastnosti operace s¢itani

e Komutativnost
Pracujeme s redlnymi Cisly. Operace scitani redlnych Cisel je komutativni. Proto

(a05a17a2’a3)+(b07b17b27b3): (ao +by,a, +b,a, +b,,a; +b3): (bo +a,,b +a,,b, +a,,b, +a3): (bo,bl,bz,b3)+(a0,a1,a2,a3)
Operace + je na K komutativni. Struktura je uzaviena na s¢itani.

e Asociativnost
[(ao:aloazs%)"'(bo:b1»b2»b3)]+(00901=cz=c3): (ao=a19a2:a3)+[(bovblsbpbz.)"'(00501902903)]
(ay +by,a, +by,a, +by,a, +by)+(c,cphc05c,) = (ag,ay,ay,a, )+ (by +co.by +¢,,b, + ¢y by + )

(ao +by +cy,a, +b, +c,a, +b, +c,,a, +b, +03) (ao +b, +cy,a,+b, +c,a, +b, +c,,a; +b, +c3)

Operace + je na K asociativni.

e Neutrélni prvek

a,+x,=a, < x,=0

(ao,al,az,a3)+(x0,xl,x2,x3)=(ao,al,az,a3) a,+x=a, & x=0

(ay +x4,a, +x,,a, + X,,a, +x;) = (ay.a,,a,,a,) a,+x,=a, < x,=0
a,+x;,=a, < x,=

Neutralni prvek operace + je (x,,x,,x,,x;)=(0,0,0,0).



e Inverzni prvek

a,+y,=0 & y,=-a,

(aoaalaazoa3>+(y0>y15y2>y3):(0’05070) a+y=0 & y=-q
(ao"'yo:al+y1=a2+J’2va3+y3):(0309050) a,+y,=0 < y,=-a,
a;+y;=0 < yy=-a,

Inverzni prvek operace + je (v, v, 5, ;)= (-a,,~a,,—a,,~a,).

Struktura (K,+) tvoii Abelovu grupu.

Vlastnosti operace nasobeni
e Komutativnost
(a0:a1»a2»a3)'(bo=b19bzsb3)¢ (b0:b17b2=b3)'(aoaa1»a2»a3)
(aobo —a,b, —a,b, —a;b;,a,b, +ab, +a,b, —a,b, ,j . (boao —-b,a, —b,a, —ba,,bya, +b,a, +b,a, —b,a, ,J
a,b, +a,b, + ab, —a,b;,a,b; +ab, +a,b, —a,b, bya, +b,a, + bya, —b,a,,bya, +bya, +b,a, —b,a,

Operace ' neni na K komutativni. Struktura je uzaviend na nasobeni.

e Neutralni prvek
ax =a=xa
(aOaapazaas)'(xo>x1axzax3): (ao>a1aa2aa3): (x0ax1ax2ax3)'(a()aalaaza%)

(aO’al’a27a3 ) (x0ax1ax2ax3 ) = (aoxo TAX] T AyX) —A3X5, 40X T A X, T AyX3 —A3X,),00X, T AyX, T dA3X) 4 X5,00X +d3X, T aX,; —adX, ) = (a0aa1 ,az,a3)
ApXy — a1 X) — Ay X, —A3X; =4,
aoxl +a1x0 + a2x3 _a3x2 = al - (x0,x1’x2’x3): (I’OQO’O)

a0x2 + a2x0 + a3x1 — a1x3 = a2

AyX; +asX) +a,X, —a,X, = a,

Neutralni prvek operace - je (x,,x,,x,,x,) = (1,0,0,0).



e Asociativnost

[(ao,al,az,a3)-(bo,bl,bz,b3)]-(00,01,02,03): (ao:a1»a2»a3)'[(booblsbzsb3)'(cooclsczscz.)]

a,b,—ab, —a,b, —a;b,,a,b, +ab, +a,b, —a.b,,

a,b, +a,b, + a,b, —a,b;,a,b; +a;b, + a,b, —a,b,
a,b,c, —a,b,c, —a,b,c, —a,b,c, —a,b,c, —ab,c, —a,b;c, +a,b,c, —
—-a,b,c, —a,b,c, —a;b,c, +a,b,c, —a,b,c, —a,b,c; —a,b,c, +a,b,c,,

a,b,c, —ab,c, —a,b,c, —a,b,c, +a,b,c, +ab,c, + a,b,c, —a,b,c, +

+a,b,c, +a,b,c, +a;b,c, —a,b,c; —a,b,c, —ab,c, —ab,c, +a,bc;,

a,b,c, —a,b,c, —a,b,c, —a;b,c, +a,b,c, +a,b,c, +a,b,c, —a,b,c, +

+a,b,c, +asb,c, +ab,c, —a,b,c, —a,b,c, —ab,c; —a,b,c, +ab,c;,

a,b,c; —ab,c, —a,b,c, —a,b,c, +a,bsc, +ab,c, +ab,c, —a,b,c, +

+a,b,c, +ab,c, +a,b,c, —a,b,c, —a,b,c, —a,b,c, —a;b,c, +a,b;c,

Operace - je na K asociativni.

-(00,61,02,03)2(ao,al,az,a3)-

b,c, —b,c, —b,c, —b,c,,b,c, +b,c, +b,c; —b;c,,
byc, +b,c, +bsc, —b,c;,b,c; + by, +bic, —b,c,

a,b,c, —a,b,c, —a,b,c, —a,b,c; —a,b,c, —a,b,c, —ab,c, +a,b,c, —
—-a,b,c, —a,b,c, —a,b,c, +a,b,c, —ab,c, —a,b,c, —a,b,c, +a,b,c,,

a,b,c, +a,b,c, +a,b,c; —a,bsc, +ab,c, —a,b,c, —ab,c, —a,bsc; +

+a,b,c, +a,b,c, +a,b,c, —a,b,c, —a;b,c, —a,b,c, —a,b,c, +a,b,c,,

a,b,c, +a,b,c, +a,b,c, —a,b,c, +a,b,c, —a,bc, —a,b,c, —a,b,c, +

+a;b,c, +asb,c, +ab,c, +a,b,c, —a,b,c, —a,b,c, —a,b,c, +ab,c,,

a,b,c; +a,b,c, +a,b,c, —a,b,c, +a,byc, —asb,c, —a,b,c, —a,bsc, +

+a,b,c, +ab,c, +ab,c,—ab,c, —a,b,c, —a,bc,—a,b,c, +a,b,c,




e Inverzni prvek
aa'=x=a""a
(ao:aloazs%)'(yoayloyzs%):(19050’0):(yoayloyzayz.)'(awal’az’a3)
(@g,a1,a,y,a5)- (99, 31,7233 ) = (@0¥s = @9, =@y, = @3 95,a09, + @Yy + 0,05 —@39,,8,, + 0y, + A3, — 415,805 + 39, +a,y, —a,,) = (1,0,0,0)

Ay Yo =AYy —ay ¥, —a3y; =1
Ay, + a1y, +a,y; —asy, =0
@y, + @,y +asy; —ay; =0
a4y y3 + a3y +a,y, —a,y; =0

Z této soustavy vypocitame inverzni prvek

a -4 —a, —a,

2 J’ (aO ’ al ” az ’ a3 ) * (0,0,0,0) .

(yO’ylﬁyZ’y3):( 2 2 2 2° 2 2 2 2° 2 2 2 2° 2 2 2
a, +a;, +a, +a; a,+a; +a, +a; a; +a; +a, +a;, a,+a; +a, +a,

Struktura (K —{(0,0,0,0)},-) tvoii grupu.



Distributivita
Provétime jesté distributivitu operace + vzhledem k operaci -
(a+b)-c=ac+bc
[(aoaa15a29a3)+(boablabzabsﬂ'(coaclaczacs): (ao +by,a,+by,a, +b,,a; +b3)'(coacloczoc3):
(ao +bo)'co _(al +b1)'cl _(az +bz)'cz _(a3 +b

3)'039
(ao +bo)'cl +(al +b1)'co +(az +b2)'c3 _(as +b3)'
(ao +bo)‘cz +(a2 +b2)'co +(a3 +b3)‘cl _(al +b1)-c3,

).

(ao +b0)‘03 +(a3 +ba)'co +(al +b1)'cz —(a2 +b,)-¢

Cy,

_[ayCo —aye; —a,c, —ayCy,a0C, +a,¢ +ayc, —a3c2,j +(boc0 —-b,c, —b,c, —byc;,b,c, +bc, +b,c, —byc, ,] B
a,c, +a,c, +a,c, —a,c,,a,c, +a,c, +a,c, —a,c, b,c, +b,c, +bsc, —b,c,,b,c; +bic, +b,c, —b,c,

= (aoaalaazaa3)'(Coacloczoc3>+(boablabzabs)'(Coaclaczacs)
Distributivita operace + vzhledem k operaci - plati.
Zavér
Vysetfovana struktura (K ,+, ) tvoii t€leso ((K,+) je Abelova grupa, (K —{(0,0,0,0)},-) je grupa).



Zadani:
Najdéte podobor struktury (K ,+,- ), ktery je izomorfni s (R+,-) as (C,+,).

Vypracovani:
¢ (ko)
Reélna ¢isla Ize do struktury kvaterniont piepsat R = {(x,0,0,0), x € R} c K . Ozna¢me hledany podobor X a ovéime, Ze
friR>X:xeR— (x,0,0,0).
Diikaz:
frolx+y)=(x+,0,0,0) = (x,0,0,0)+(1,0,0,0)

T L)+ £(30)=(x,0,0,0)+ (1,0,0,0) }f R+ y)=fo(x)+ £ (v)

) fR(x'y):
folx)- fo(v)=

Tvrzeni plati.

(x-,0,0,0)
(x,O),}0,0)' (1,0,0,0) = (x- y,o,o,o)}f dley)= 1) 12 Y)

e (Cit)
Komplexni ¢isla Ize do struktury kvaternionti piepsat C = {(a,5,0,0); a,b € R} c K . Ozna¢me hledany podobor ¥ a ovéfme, ze
fr:iCo>Y:zeC (Rez,Imz,0,0).
Diikaz:
fo(x+y)=(Re(x+ y)+Im(x + ).0,0)= (Rex + Re y,Imx + Im ,0,0) = (Re x, Im x,0,0) + (Re y, Im ,0,0)
- _ fc(x"'J’):fc(x)"’fc(J’)
fo(x)+ £ (v) = (Rex,Imx,0,0) + (Re y,Im »,0,0)

fe (x . y) = (Re(x . y), Im(x . y),0,0) = (RexRey —ImxImy,RexImy+ImxRe y,0,0)

fo(x)- fo(¥) = (Rex,Imx,0,0)- (Re y,Re ,0,0) = (x- ¥,0,0,0) = (Re xRe y — ImxIm y, Re x Im y + Im x Re y,0,0

ﬁk&w%ﬂﬁ?&@)

Tvrzeni plati.



Dodatek:
KVATERNIONY', matematické objekty, které zavedl Hamilton roku 1853 jako rozsifeni
pojmu komplexniho ¢isla. Jsou dany ctveticemi redlnych Cisel a, b, ¢, d , z nichZ je vytvoten
vyraz
qg=a+bi+cj+dk,
kde 1, j, k jsou symboly, které 1ze ndsobit podle pravidel danych tabulkou

1]i1i]j ]k
11 ]i]jlk
i]i|-11k|+
jlgl-k[-1]i
klk|j|-i]-1

"ROSSIOVA, A.: Encyklopedie matematiky. Mlada Fronta, Praha 1988.



